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| Abstract. 

■^j- ■ In the context of the teleparallel equivalent of general relativity, the Weitzenbock 

manifold is considered as the limit of a suitable sequence of discrete lattices composed 
of an increasing number of smaller an smaller simplices, where the interior of each 
■ simplex (Delaunay lattice) is assumed to be flat. The link lengths I between any pair 

\ of vertices serve as independent variables, so that torsion turns out to be localized 

in the two dimensional hypersurfaces (dislocation triangle, or hinge) of the lattice. 
qq , Assuming that a vector undergoes a dislocation in relation to its initial position as it 

is parallel transported along the perimeter of the dual lattice (Voronoi polygon) , we 
obtain the discrete analogue of the teleparallel action, as well as the corresponding 
simplicial vacuum field equations. 
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1. Introduction 

Regge calculus is a useful tool for numerical calculation in curved spacetimes, and has 
been applied to a variety of problems in cosmology, as well as in classical and quantum 
gravity [1J. In the well known paper by Regge 0, the usual continuous space-time 
manifold of general relativity is viewed as the limit of a suitable sequence of discrete 
lattices composed of an increasing number of smaller an smaller simplices. In this 
approach, the interior of each simplex is assumed to be flat, and the link lengths 
I between any pair of its vertices serve as independent variables so that the scalar 
curvature is defined as a distribution with support on the bones of the lattice. 

Few attempts have been made to include concepts of non-riemannian geometry 
into the Regge calculus ||, |], |5|, [7], ||. In some of these attempts (|, [7|], the Regge 
calculus was formulated as a lattice gauge theory for the Poincare group, and the 
possibility of including torsion as closure failures of the building blocks of the simplicial 
manifold was pointed out. Another of such attempt was an application to the Einstein- 
Cartan theory ||, where the square of the torsion tensor was defined as a distribution, 
and the corresponding simplicial field equations were obtained. The notion of torsion 
singularities appearing as a conical defect (dislocation) has also been discussed in the 
literature ||. Its application to the theory of solid state and crystal defects has been 
known for a long time |T0| , [TT| , [TJL [13|, |14|, and the connection to the low dimensional 
gravity has already been pointed out [ITH ITB, IT71 . 



An alternative approach to gravitation is the so called teleparallel gravity ||T8| , which 
is gauge theory based on the Weitzenbock geometry |T3. In this theory, gravitation is 



attributed to torsion [g(J > which plays the role of a force |2T] , and the curvature tensor 
vanishes identically. As is well known, at least in the absence of spinor fields, teleparallel 
gravity is equivalent to general relativity. In this paper, relying upon this equivalence, 
we will construct the discrete counterpart of the four-dimensional teleparallel action, 
and will obtain the corresponding field equations in vacuum. In a vacuum simplicial 
Weitzenbock geometry, the torsion tensor is localized in the two-dimensional dislocation 
triangles, called hinges. Torsion can then be detected by measuring the dislocation in 
relation to the initial position of a vector, as a result of the parallel transport along 
a small loop encircling the dislocation triangle (hinge), where torsion is concentrated. 
When torsion is present, it is detected parallel to this hinge, and the dislocation is 
measured by the Burgers vector bd- The metric properties of this simplicial manifold 
are given by the lengths l p of the edges. This means that the variation of the simplicial 
action is to be made with respect to l p . The resulting simplicial field equations can be 
considered as the teleparallel equivalent of the simplicial Einstein's equation of general 
relativity, first obtained by Regge 0. 

It should be remarked that the Regge calculus has already been applied to the 
Einstein-Cartan theory |§, where the fermions act as a source of torsion. In this case, 
the Burgers vector (bd) couples algebraically to the matter term, and so the variation of 
the action is to be made with respect to both the edge lengths and the Burgers vectors. 
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Furthermore, as in the absence of matter no dislocations can be present on the lattice, 
the Burgers vector will be zero, and the simplicial field equations will reduce to the 
usual Regge's equations of general relativity. As we are going to see, in the teleparallel 
approach, even in the presence of matter, the Burgers vector does not couple to matter. 
Furthermore, in the absence of matter, the Burgers vector does not vanish, a property 
which is in accordance with the fact that, in teleparallel gravity, torsion is a propagating 
field. We will proceed according to the following scheme. In section 2, we review the 
main features of teleparallel gravity. In section 3, we obtain the simplicial torsion, 
the discrete action, and the simplicial field equation. Discussions and conclusions are 
presented in section 4. 

2. Teleparallel Equivalent of General Relativity 

It is well known that curvature, according to general relativity, is used to geometrize 
the gravitational interaction. On the other hand, teleparallelism attributes gravitation 
to torsion, but in this case torsion accounts for gravitation not by geometrizing the 



interaction, but by acting as a force |21[ . This means that in the teleparallel equivalent 
of general relativity, instead of geodesies, there are force equations quite analogous to 
the Lorentz force equation of electrodynamics. 

A nontrivial tetrad field induces on spacetime a teleparallel structure which is 
directly related to the presence of the gravitational field. In this case, tensor and local 
Lorentz indices|| can be changed into each other with the use of a tetrad field h a fl . A 
nontrivial tetrad field can be used to define the linear Weitzenbock connection 

r a = h a d h a (1) 
a connection presenting torsion, but no curvature. It parallel transports the tetrad itself: 

V u h\ = d v h\-Y% v h a p = Q. (2) 
The Weitzenbock connection satisfies the relation 

r fj, v — r /ii/ + k ^2,, (3) 

where 

o 1 

r V = -jf p t* 9 ^ + dug p» ~ d p g ^ ( 4 ) 

is the Levi-Civita connection of the metric 

9/jtu = Vab h a ^ h b u , (5) 

and 

K\ v = ~ [T,/ v + T v \ - TV] (6) 

% The greek alphabet (/i, v, p, ■■■ = 0, 1,2,3) will be used to denote tensor indices, that is, indices 
related to spacetime. The latin alphabet (a, 6, c, • • • = 0, 1, 2, 3) will be used to denote local Lorentz (or 
tangent space) indices, whose metric tensor is chosen to be r\ a b — diag(+l, —1, — 1, —1). Furthermore, 
we will use units in which K = c = 1 . 
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is the contorsion tensor, with 

± [IV x Ufl 1 [IV \ 1 J 



the torsion of the Weitzenbock connection [22 
The teleparallel gravitational lagrangian is 

"1„„ „..,. 1 



h 

J G 



rpp rp [IV I rpp rpv[l rp prpvp 



(8) 



where /i = det(/i a /J ). By considering now the functional variation of Lq in relation to 
h 11 ^, we obtain the teleparallel gravitational field equation [2]| 

d a (hS^ T ) - A7TG(ht x T ) = 0, (9) 

where 

tx T = ^T^ a S^ + 5 x T L G , (10) 

is the canonical energy-momentum pseudo tensor of the gravitational field, and S ppv is 
the tensor 

1 r 



gppv _ _ 



K^p - g^T^g+g^T^e . (11) 



3. Discrete torsion and simplicial field equation 

We are going to obtain now the simplicial teleparallel action, as well as the corresponding 
field equation. In a heuristic way, and similarly to the Regge construction of the 
simplicial manifold of general relativity, we assume that the usual continuous spacetime 
manifold of teleparallel gravity can be viewed as the limit of a suitable sequence of 
discrete lattices composed of an increasing number of smaller an smaller simplices. In 
other words, the Weitzenbock manifold, which is the stage set of teleparallel gravity, 
is approximated by a four- dimensional polyhedra M 4 . In this approach, the interior 
of each simplex is assumed to be flat, and this flat four-simplices are joined together 
at the tetrahedral faces of their boundaries. The torsion turns out to be localized in 
the two-dimensional dislocation triangles (hinges) of the lattice, and the link lengths / 
between any pair of vertices serve as independent variables. By varying the action with 
respect to this edge lengths, one obtains the simplicial analogues of the teleparallel field 
equations. 

Let us then proceed to this construction. To begin with, let us take a bundle of 
parallel dislocations (hinges) in M 3 . We make the assumption that the torsion induced 
by the dislocations is small, so that we may regard M 3 as approximately euclidian. Let 
U be a unity vector parallel to the dislocations. We test for the presence of torsion by 
carrying a vector A around a small loop of area vector S = Sn, with S the area and n a 
unity vector normal to the surface. At the end of the test, if torsion is nonvanishing, A 
is found to have translated from the original position, along U, by the length B = iVb, 
where iV is the number of dislocations entangled by the loop, and b is the Burgers 
vector, which is a vector that gives both the length and direction of the closure failure 
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for every dislocation. In M 4 , the flux of dislocation lines through the loop of area S a/3 
is 

where p is the density of dislocation passing through the loop, and p a p = pU a p, with 
U alS a unity antisymmetric tensor satisfying U a pU al3 = 2. This means that we can 
endow the polyhedra more densely with hinges in a region of high torsion than in region 
of low torsion. The closure failure is then found to be 

B,= l -p a pS a n,. (12) 

However, we know from differential geometry that, in the presence of torsion, 
infinitesimal parallelograms in spacetime do not close, the closure failure being equal to 

By = T jivo S ua . (13) 

By comparing the last two equations we see that 

= ^p a/3 b fl = ^p U a(3 by. (14) 

On the other hand, it has already been shown || that the torsion singularity takes 
the form of a conical singularity. Consequently, the dislocation from the original position 
that occurs when a vector is parallel transported around a small loop encircling a given 
bone is independent of the area of the loop. Furthermore, the dislocation has two 
characteristics: The length of the dislocation line in three-dimensions, and the area of 
the triangle in four- dimensions. Therefore, there is a natural unique volume associated 
with each dislocation. To define this volume, there is a well-known procedure in which 
a dual lattice is constructed for any given lattice [|4], 25]. This involves constructing 
polyhedral cells around each vertex, known in the literature as Voronoi polygon, in such 
a way that the polygon around each particular vertex contains all points which are 
nearer to that vertex than to any other vertex. The boundary of the Voronoi polygon 
is always perpendicular to the edges emanating from the vertex, and each corner of 
the Voronoi polygon lies at the circuncentre of any of the simplices of the Delaunay 
geometry, which shares the dislocation (bone) (see Fig. 1). 

By construction, the Voronoi polygon is orthogonal to the bone. If we parallel 
transport a vector around the perimeter of a Voronoi polygon of area S^, it will traverse 
the flat geometry of the interior of each one of the simplices sharing the bone, and will 
return dislocated from its original position in a plane parallel to the bone by a length 
by. According to this construction, and relying on the definition ([14]) , the torsion due 
to each dislocation can be expressed by (see Fig. 2): 

_ , (Distance the vector is translated) 

Torsion = ^ : : '-. 15 

(Area circumnavigated) 

This definition is equivalent to the definition of Gauss curvature: 

, . (Angle the vector is rotated) . s 

(Gauss curvature) = — — — . (16) 

(Area circumnavigated) 
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Figure 1. The two-dimensional Voronoi polygon (dashed line) for a particular vertex 
A. Each corner of the Voronoi polygon lies at the circuncentre of any of the triangles 
of the Delaunay geometry (solid line). 



Therefore, analogously to the Riemann scalar, which is proportional to the Gauss 
curvature, and whose proportionality constant depends on the dimension D of the lattice 
geometry |25[, we define the simplicial torsion due to each dislocation by 

b(d) ft U( d)l/p _ r— b {d)l JJ {d)up 



T (dW = y D(D - 1) = V12 "w^' . (17) 

The reason for the square root is that, as is well known from teleparallel gravity, the 
Riemann curvature tensor is proportional to a combination of squared torsion tensors. 

As we have said, the vector returns translated from its original position in a plane 
parallel to the hinge by a length b^. Let us then analyze the translational group acting on 
it. As we know, the interior of each block is flat (Minkowski space), so the infinitesimal 
translation in these blocks is given by 

T(8b) = I — i 5b a P a , (18) 

where I is the unity matrix, 5b a are the components of an arbitrarily small four- 
dimensional Burgers (displacement) vector, and P a = id a are the translation generators. 
In the presence of dislocations, and using the tetrad h a P) this infinitesimal translation 
parallel to the hinge becomes 

T(Sb) = I-i8V i h%P a , (19) 

so that a finite translation will be represented by the group element 

T(b)=exp[-iVh%P a ). (20) 

On the other hand, the contour integral of the Burgers vector — which measures how 
much the infinitesimal closed contour T spanning a surface element <i£* Q/3 fails to close 
in the presence of hinge — by using Eq. ( |I3|) , is seen to be 0] 

W = /V a/3 d£* Q/3 . (21) 




Figure 2. The parallel transport of a vector A along the perimeter of a Voronoi 
polygon (dashed line) around the dislocation line in three-dimension. The vector 
returns translated in a plane parallel to the dislocation d by the length b. 



Therefore, the group element of translations due to torsion turns out to be 



T(6)=exp -i j P a T a a(3 dZ* al3 . (22) 
r 

The four-volume associated with each dislocation, as described above, is 
proportional to the product of E^, the two-dimensional volume of the dislocation, and 
E^, the area of the Voronoi polygon [p5fl : 



2 v v * 1 „ v * 
~l) d ~ 6 d ' 



The invariant volume element hd 4 x, therefore, is represented by f^, and we have the 
following relation, 



hd x 



I (24) 

dis dis 

where the sum is made over all dislocations. We are ready then for constructing the 
simplicial action. Let us take the lagrangian ([§D of teleparallel gravity, whose terms 
are proportional to the square of the torsion tensor, and substitute torsion as given by 
Eq. (|17D. For the first term, we obtain 

/ - \ 2 



rp^JLPp rp 

1 (d) 1 (d)vP 



24 — b^b 



(d) u (d)v 



(25) 



Writing the other two terms in a similar way, the simplicial teleparallel action will be 



S 



16nG 



E 

dis 



(26) 



where b\ denotes the projected Burgers vector parallel to the hinge, and E^ is the area 
of this dislocation triangle, or hinge. 



Regge Calculus in Teleparallel Gravity 



8 



On the other hand, the simplicial Einstein-Hilbert action of general relativity is [0] 

hinge 

where Eh is the deficit angle associated to each hinge, which is directly related to the 
curvature of spacetime. Now, up to a surface term, the Einstein-Hilbert action of general 
relativity is known to be equivalent to the teleparallel action (^j). Assuming that the 
corresponding simplicial versions of the same actions are also equivalent, we can obtain 
a relation between the angle Eh, through which a vector is rotated in relation to its initial 
direction when parallel transported around a small loop, and the distance bd through 
which a vector is translated from its original position when parallel transported around 



a small loop. By comparing Eqs. (Pq ) and (|27|) , this relation is found to be 

^i(j). (23, 

Let us now carry out the variation of the simplicial action ( p6l) with respect to the 
edge lengths l p . In the usual application of Regge calculus to a curved spacetime, the 
typical deficit angle Eh related to each hinge depends in a complicated trigonometric 
way on the values of numerous edge lengths l p . However, as demonstrated by Regge @], 
one can carry out the variation with respect to the edge lengths l p as if the were 
constants. Similarly, in the teleparallel simplicial gravity, both the projected Burgers 
vector b\ and the area of the dual Voronoi polygon YT d related to each hinge depend also 
in a complicated trigonometric way on the values of numerous edge lengths l p . Because 
of the relation however, in the same way Eh can be considered as a constant in 

the variation of the simplicial Einstein-Hilbert action, one can equivalently carry out 
the variation of the teleparallel simplicial action (^B) as if the dimensionless parameters 
were constants. This is the teleparallel version of the result demonstrated by 
Regge. We thus find 

"-isssgK (29) 

The change in the area of the triangle hinge, on the other hand, is given by 

= r 1 p SI p cot6 W), (30) 
z p 

where 9^ P ) is the angle in the triangle hinge d opposite to the edge l p . The simplicial 
teleparallel field equation in vacuum then reads 

l v E ( 111 "rtfyw = 0, (31) 

dDl p \ n dJ 

where the sum is made over all dislocation triangles d which have the given edge p in 
common. 

The simplicial equation ( ftTD is a set of equations for the edge lengths l p , and 
consequently there will be one simplicial equation for each edge in the lattice. To 
solve it, initial conditions consisting of informations about some of the edge lengths 
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must be supplied. Then, from inputs expressing conditions on the torsion, that is, on 
the Burgers vector associated to each hinge, one can determine the remainder of the 
edge lengths, and consequently the geometrical properties of the simplicial Weitzenbock 
manifold. This is quite similar to simplicial general relativity, where the inputs are 
conditions on the curvature, that is, on the deficit angle associated to each hinge. It 
should be remarked, however, that despite being as numerous as the edges, the simplicial 
equations are not able in general to determine all edge lengths. The problem is that there 
are relations between these equations that prevent them from being independent, and 
in consequence, they cannot determine all the details of the largely arbitrary lattice. 
Therefore, to prepare a real computer program based on Regge calculus, one has to 
supply the computer not only with the simplicial equation and initial conditions, but 
also with definite algorithms to remove all the arbitrariness related to the lattice being 
used H27 . 



4. Final Remarks 



We have considered in this paper the Weitzenbock geometry as the limit of a suitable 
sequence of discrete lattices, the interior of each simplex being assumed to be flat, 
and the torsion localized in the two-dimensional dislocation triangles (hinges) of the 
lattice. The information about the metric properties is codified in the link lengths l p 
between any pair of vertices. Furthermore, from the fact that a parallel transported 
vector undergoes a translation from its original position as it is transported along the 
perimeter of the Voronoi polygon, we have found the simplicial torsion. Analyzing the 
infinitesimal translations in flat lattices, the translational group due to torsion was also 
found. Then, by using the simplicial torsion, we have constructed the simplicial version 
of the teleparallel action, and finally, by varying the simplicial action with respect to 
the edge lengths, we have found the simplicial field equations in vacuum. 

In the simplicial Einstein-Cartan approach, the fermions act as a source of torsion, 
and the Burgers vector couples to the matter term. In the absence of matter, there is 
no dislocation on the lattice, and the Burgers vector is consequently zero. In this case, 
the simplicial field equations reduce to the Regge's equation of general relativity. On 
the other hand, in our approach, the geometrical properties of the vacuum simplicial 
Weitzenbock manifold is replaced by the lengths l p of the edges, which means that the 
variation of the simplicial action is to be made with respect to l p as if both the Burgers 
vector and the area of the Voronoi dual polygon were constants. The corresponding 
simplicial field equations turns out to be the teleparallel equivalent of the Regge's general 
relativity equations. It should be remarked that in this approach, even in the presence 
of matter, the Burgers vector does not couple to matter, and the variation is made 
only with respect to l p . Furthermore, differently from the simplicial Einstein-Cartan 
approach, in the absence of matter, the Burgers vector does not need to vanish, a 
property that reflects the fact that, in teleparallel gravity, torsion is a propagating field. 
Due to its gauge structure, teleparallel gravity turns out to be quite similar to the 
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other known gauge theories, and depending on the problem to be considered, it can 
present several formal advantages in relation to general relativity. In this connection, 
we hope that these results can be useful for numerical calculations in different contexts 
like gravitation, cosmology, as well as quantum gravity. 
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